The localization formula of Chern-Simons quiver gauge theory on S 3 nicely reproduces the geometric data such as volume of Sasaki-Einstein manifolds in the large-N limit, at least for vector-like models. The validity of chiral-like models is not established yet, due to technical problems in both analytic and numerical approaches. Recently Gulotta, Herzog and Pufu suggested that the counting of chiral operators can be used to find the eigenvalue distribution of quiver matrix models. In this paper we apply this method to some vector-like or chiral-like quiver theories, including the triangular quivers with generic Chern-Simons levels which are dual to in-homogeneous Sasaki-Einstein manifolds Y p,k (CP 2 ). The result is consistent with AdS/CFT and the volume formula. We discuss the implication of our analysis.
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Introduction
There has been a remarkable progress in our understanding of the low energy dynamics of multiple M2-branes in recent years. A three-dimensional N = 6 Chern-Simonsmatter theory with U (N ) k × U (N ) −k gauge group with four bifundamental chiral multiplets was proposed by Aharony, Bergman, Jafferis and Maldacena (ABJM) [1] as the theory of M2-branes probing C 4 /Z k . Its relation to M-theory in AdS 4 × S 7 in light of AdS/CFT correspondence has been the theme of many papers since then, see e.g. [2] and references therein. One of the most impressive tests is the computation of partition function for the ABJM model on S 3 [3] [4] using the localization technique [5] . It has been checked that the free energy exhibits the scaling behavior N 3/2 in agreement with the prediction from M-theory [4] [6] . It is then natural to ask whether this program can be generalized to other AdS/CFT models with less supersymmetries. It turns out that N = 2 is the minimal amount of supersymmetry needed for localization technique [7] [8] . The dual supergravity geometry is AdS 4 × Y 7 , where Y 7 should be a seven-dimensional SasakiEinstein manifold. There are now a number of different N = 2 Chern-Simons-matter theories which are proposed to be dual to M-theory on the AdS 4 × Y 7 background with a Sasaki-Einstein manifold Y 7 [9] [10] [11] [12] [13] [14] . When a three-dimensional theory has N = 2 supersymmetries, the conformal dimensions (or equivalently the R-charge) of chiral fields may differ from the canonical one. It is also proposed that the exact R-charges at IR fixed point can be determined by extremizing the free energy F = − ln Z [7] . This conjecture then leads to the F-theorem [15] [16] [17] [18] that the free energy on S 3 decreases along the RG flow and must be stationary at fixed point. Using the saddle point approximation the partition function was calculated in the large-N limit for various models [19] [20] [15] , following an earlier work on N = 3 models in [21] . For the models studied, which are all vector-like, the computed free energy again exhibits the required N 3/2 scaling and reproduces exactly the volume of the dual Sasaki-Einstein 7-manifold from the coefficient.
It turns out that for chiral-like models the correspondence is much more delicate. For such models the quiver diagram is not invariant under conjugation, and in particular the partition function is not real-valued. For them the long range forces between the eigenvalues do not cancel and the free energy is apparently proportional to N 2 [15] , instead of N 3/2 . To overcome this technical difficulty, Amariti and Siani recently proposed a symmetrization technique in [22] . In the computation, one considers a symmetrized form of the integrand which effectively replaces a bifundamental field with a pair of half bifundamentals in mutually conjugate representations. Indeed, the volume of the Q 2,2,2 /Z k , M 1,1,1 /Z k dual to chiral-like models was successfully reproduced in [23] [24] .
However this prescription is still limited in applicability. For the models investigated so far, the eigenvalue distribution is symmetric under u → −u even though this is not an obvious symmetry of the integral. And in those models the R-charge of monopole operators do not make nontrivial contribution in the integrand, so we can set it to zero. As we will argue later, incorporating monopole R-charge is crucial when we extend to the inhomogeneous Sasaki-Einstein manifolds such as Y p,k (CP 2 ).
In fact one can easily see that the result from symmetrization does not work for the case of Y p,k (CP 2 ). 1 At present it is not clear to us how to repair the matrix model for chiral-like models.
On the other hand, Gulotta, Herzog and Pufu discovered a relationship between the operator countings in the chiral ring of the gauge theory and the eigenvalue distributions of the matrix model with N = 3 supersymmetries [25] . It is illustrated that this relation holds for N = 2 non-chiral gauge theories and the authors also provided prediction on the eigenvalue distribution of the chiral theory by counting the number of gauge invariant operators [26] . It was also generalized to N = 3 Chern-Simons theories with an ADE classification [27] [28] . Readers are also referred to [29] for a more comprehensive study on the relation between operator counting and the dual geometry.
In this note we posit that the information of the eigenvalue distribution of a given matrix model is encoded in the operator counting, and apply it to various N = 2 Chern-Simons theories which are not vector-like circular quivers. As a warm-up we study a non-chiral example of the dual ABJM model [11, 12] , which is vector-like but not a circular quiver. After constructing gauge invariant operators in terms of the bifundamental fields and the monopole operator, we count the number of operators for given R-charge and monopole number. Then we can obtain the eigenvalue distribution density function ρ(x) and the imaginary part of the eigenvalues y a (x) − y b (x), from the relation between the operator counting and the matrix model conjectured in [25, 26] . As a consistency check, we calculate the volume of the 7-manifold and the 5-cycles and show that these volumes exactly agree with the geometric data. We also study the two different chiral models dual to AdS 4 × Q 1,1,1 /Z k . The final example is Chern-Simons theory dual to AdS 4 × Y p,k (CP 2 ). We will show that the equation which extremizes the free energy with respect to the R-charges of the monopole operator gives exactly two cubic equations, just as presented in [30] , which govern the geometry of Y p,k (CP 2 ). This result, unlike the symmetrization prescription [23] [24], adds more credence to the chiral-like Chern-Simons model proposal and the operator counting prescription. We will make a short comment about the gauge theory dual to
This paper is organized as follows. In section 2, we briefly review the operator counting technique and the localization formula of N = 2 Chern-Simons gauge theories. Section 3 is the main part and we apply this operator counting method to the dual ABJM model and the chiral models dual to Q 111 /Z k and Y p,k (CP 2 ). We briefly discuss the implication of our results in Section 4.
Reviews on Operator countings and matrix model
The holographic free energy for N M2-branes with gravitational dual AdS 4 × Y 7 is given as [6] 
Our goal in this paper is to see how this relation fares in various examples of AdS 4 /CF T 3 , especially for chiral-like models. Exact calculation of the partition function is a nontrivial task in principle, but thanks to supersymmetry one can utilize the localization technique [5] . Then the path integral is greatly simplified and one simply has an ordinary integration over eigenvalues of auxiliary D-field of gauge multiplets [3] . In the large-N limit one can employ the saddle point method, and the integral is determined basically by the eigenvalue dynamics on the complex plane. Thus the free energy can be written as a functional of ρ(x) and y a (x). Here ρ is the density of the eigenvalue distribution and x(y a ) is the real(imaginary) part of the eigenvalue in continuum limit. It is convenient to introduce the Lagrange multiplier µ to impose the condition dxρ = 1. Then the free energy is given by extremizing with respect to ρ(x), y a (x) and µ.
The matrix model integrand exhibits a number of flat directions which are remnants of gauge invariance and the symmetry of quiver diagram [15] . An important point here is that the partition function is invariant under the shift of the R-charge, e.g.
for bifundamental fields. Then only the R-charge of gauge invariant operators (loops in the quiver diagrams) is of physical significance. We will frequently make use of this invariance to simplify the calculations in this paper.
Recently an alternative interpretation of eigenvalue dynamics was given from the operator countings in the chiral ring [25] [26] [27] . Let ψ(r, m) be the number of the gauge invariant operators with R-charges and the monopole charges less than r, m respectively. And let ψ X ab be the number of the operators which do not have the bifundamental field X ab . Then it was proposed that the following relations hold:
2)
By counting the number of gauge invariant operators, one can easily read off the matrix model information which can be used to calculate the volume of the 7-dimensional internal space and 5-cycles in the dual geometry.
Then the free energy of the theory is simply given as
3 Operator counting for non-circular quivers
In this section we count the number of the gauge invariant operators of various N = 2 Chern-Simons-matter theories. First we construct gauge invariant operators using matter chiral multiplets and monopole operators. Then we have a relation between the number of various operators from gauge invariance. The total R-charge is given simply as the sum of the R-charges for constituent chiral scalar fields. Exploiting the flat directions of the matrix model, we can set the R-charges of all the bifundamental fields, which make a basic closed loop in the quiver, to be the same. As we are dealing with toric cases, counting the number of the operators with the R-charge r and the monopole charge m is reduced to calculating the area of the polygon in the case of large r. One can consult Appendix C of [26] for more detail. The number of operators which do not have the chiral field X is obtained by calculating the length of edge. Then we have the density function and the imaginary part of the eigenvalues in the matrix model and express the volume of the internal 7-manifold and the 5-cycles in terms of the R-charges of the monopole operator ∆ m and the bifundamental field ∆ 1 etc. Extremizing the volume with respect to these R-charges will give the correct value which agrees with the geometric computation. We choose the convention where the bifundamental field X ab is in the (N a , N b ) representations and the diagonal monopole operator has charge (k 1 , k 2 , . . . , k n ) in U (N ) n gauge groups.
A non-chiral model : dual ABJM
As a first and simple example, we consider the dual ABJM model [11, 12] . This theory has U (N ) × U (N ) gauge groups with Chern-Simons levels (−k, k) and 2 bifundamental fields and 2 adjoint fields φ i at one of the U (N ) gauge groups. The superpotential of this theory is
One can construct the gauge invariant operators (up to F -term conditions and taking Tr is understood) Let n 1 be the number of the chiral field X 21 , and we have the following two equations.
Then the number of operators with R-charge r and monopole charge m can be written as
Note that the region of the surface integral should be bounded by
Similar calculations can be easily done for m < 0. Using (2.2), one can obtain the eigenvalue density aŝ
The volume of the internal manifold dual to this theory can be calculated by integratingρ(x) overx using (2.4)
From the marginality of the superpotential, one should impose
Then this volume is minimized at ∆ m = 0, ∆ 1 = 1/2, ∆ 2 = 1/2 to give π 4 /3k, which is precisely the volume of S 7 /Z k .
3.2 Chiral-like models with homogeneous dual manifold
Chern-Simons matter theory dual to AdS 4 ×Q 111 /Z k was proposed in [12, 13] . It has U (N ) 4 gauge groups with CS levels (k, k, −k, −k) and 6 bifundamental fields. See the quiver diagram Fig.2 . The superpotential is given by
The gauge invariant operators are Let n i+2 to be the number of fields X 34,i . One can set the R-charges of the fields to be R[
34 ] = ∆ 2 by considering the flat directions. When m > 0, we have the following relations
The number of operators can be calculated as follows
where the region is bounded by
We assume ∆ 1 ≥ ∆ 2 without loss of the generality. As a result, the eigenvalue density iŝ
. By integratingρ overx, one can obtain the 7-dimensional internal space volume in terms of R-charges of the monopole operator and bifundamental fields
from the marginality of the superpotential, this volume is minimized at ∆ m = 0, ∆ 1 = 1/3 to give correct volume of
Now let us turn to the volume of 5-cycles. One can set X ab = 0 and count the operators without X ab . First we set X 41 = 0 and count the number of operators with n 1 = 0 and m > 0 case. The problem is reduced to integrating (3.9) with n 1 = 0 and calculate the length
under the following conditions
As a result we obtain the matrix model quantitŷ
, where we introduced a shorthand notation S ab =ŷ b (x) −ŷ a (x) + R(X ab ). We record this quantity for the remaining 5 fields.
X 13 = 0 : n 1 = 0 with m < 0.
. Using eq. (2.5), one can integrate this quantity and get the volume of the 5-cycles. In all cases, it gives π 3 4k 2 with ∆ m = 0, ∆ 1 = 1/3 and agrees with geometric calculation [31] . From these computations we can predict the imaginary part of the eigenvalues in the matrix models.
. 2 In this model the chiral fields can be identified with the GLSM fields. See [12] for example. 
.
Other variables such asŷ 4 (x) −ŷ 3 (x) andŷ 3 (x) −ŷ 2 (x) can be obtained easily using above results. where i is a SU (2) index. When k 1 = 0, k 2 = k, this model is proposed to be dual to , if m < 0, where we have suppressed SU (2) index. First consider m > 0 case. Let n 12,1 be the number of the field X 1 12 in the operator. To account for SU (2) × SU (2) symmetry, we define n i = n 12,i + n 34,i , n i+2 = n 23,i + n 41,i .
From the form of the gauge invariant operators we obtain the following equations with k + = k 1 + k 2 n 1 + n 2 = mk + + 2s, n 3 + n 4 = mk + + 2s. Assuming that ∆ 1 ≥ ∆ 2 , the number of the gauge invariant operators with R-charge r and monopole charge m is
The 2 dimensional integral can be obtained as the area on (n 1 , n 2 ) plane, bounded by
Calculation for m < 0 case is also straightforward. One can easily obtain the eigenvalue densities using the formula (2.2).
Then the volume can be expressed in terms of R-charge of the monopole operator and bifundamental fields ∆ m ,
This volume is extremized at ∆ m = 0, ∆ 1 = 1/2 and becomes
where we used the marginality condition of the superpotential ∆ 1 + ∆ 2 = 1. This gives Vol(Q 111 /Z k ) = π 4 /8k with (k 1 , k 2 ) = (0, k) and Vol(Q 222 /Z k ) = π 4 /16k with (k 1 , k 2 ) = (k, k), in consistence with AdS/CFT.
Let us turn to the volume of the 5-cycles. By setting X 12,1 = 0, we have to count the number of operators with no X 12,1 field. The F-term condition of the superpotential gives X 34,1 = 0 also. So we should count the number of operators with n 1 = 0. After integrating eq. (3.19) with n 1 = 0, the number of operators without X 12,1 filed is
where the region bounded by
Using (2.3) we havê
Integrating this quantity overx, one can obtain the volume of the 5-cycles.
The imaginary part of the eigenvalues associated to the gauge group U (N ) 1 and U (N ) 2 arê
Next we set X 41,1 = 0. From the F-term condition X 41,1 X 23,2 = X 41,2 X 23,1 , we -12 -have X 23,1 = 0 or X 41,2 = 0. In this case, there are two separate branches of contributing operators. When X 23,1 = 0, we have n 3 = 0 and it gives the same result as before. When X 41,2 = 0, we should count operators with s = 0 and m > 0. This additional contribution amounts tô
Collecting these two contribution, the total eigenvalue distributions arê
The volume of the 5-cycles corresponding to X 41,1 = 0 is then
Finally we set X 23,1 = 0 and obtain two branches: X 41,1 = 0 with n 3 = 0 and X 23,2 = 0 with s = 0, m < 0. The number of the operator without X 23,1 from the s = 0 with m < 0 arê
Eigenvalues obtained from n 3 = 0 and s = 0, m < 0 arê
For the other 5 fields, we can calculate similarly.
For example let us consider setting X 34,1 = 0. From the F-term condition we have X 12,1 = 0 also. This implies that we have to count the number of the operators with n 1 = 0. As a result, the volume of the 5-cycles are
To compare with the geometric computations we follow [26] . The cone over Q 1,1,1 can be obtained by the Kähler quotient of C 6 by U (1) 2 with charges (1, 1, −1, −1, 0, 0) and (1, 1, 0, 0, −1, −1). Let us parametrize the coordinates on C 6 with (a 1 , a 2 , b 1 , b 2 , c 1 , c 2 ). If we identify the chiral matter fields with the GLSM fields
the volume of the 5-cycles can be written as
It is consistent with the geometric computations [31] Vol
Let us now consider inhomogeneous Sasaki-Einstein manifolds Y p,k (CP 2 ) and their field theory duals. The explicit form of the metric was constructed in [32] as a higher-dimensional generalization of their five-dimensional cousin Y p,q . The sevendimensional case is analyzed in more detail by [30] and here we provide a summary of its result which is relevant to us.
The metric of Y p,k (B 4 ) in the canonical form can be written as follows: dA gives its Kähler twoform. Here κ is a constant satisfying −1 < κ < 0 and x 1 , x 2 are two real zeroes of U (x). Due to the positivity of the metric, x should be in the range x 1 < x < x 2 . To avoid conical singularities κ, or equivalently x 1 , x 2 should take certain discrete values. In particular, x 1 , x 2 are real solutions to the following cubic equations
where b = k/h, and p, k are positive integers. Then the volume of the 7-dimensional manifold
is CP 2 for instance, the volume of the 5-cycles are
where h = 3, Vol(CP 2 ) = 9π 2 /2.
The Chern-Simons field theory of our interest here is chiral-like with quiver diagram Fig.4 [9] . We assign the CS levels as (p, −2p+k, −k+p), 3 and it can be shown that the vacuum moduli space is cone over Y p,k (CP 2 ). The theory has U (N ) 3 gauge group and 9 bifundamental fields X Because the quiver diagram Fig.4 does not have obvious symmetry other than flavor SU (3), it is not clear what is the right R-charge assignment. But it turns out that from classical particle motion one can read off simple relations between the R-charge of various fields [33] . We consider a particle moving along the Reeb vector direction, i.e. we set t = ντ, ψ = ωτ (3.35) and fix all the other coordinates constant, satisfies the particle equation of motion. Since this solution is BPS the classical quantities are exact at quantum level, and one can establish a mapping between the global charges in field theory and the angular momenta of the geodesic motion [33] . It turns out that x = 1 orbits are dual to the operators without the monopole operator. x = x 2 orbits correspond to the operator with monopole operator T (1) and x = x 1 orbits to the operator with anti-monopole operator T (−1) . Then one can determine the R-charges of the gauge invariant operators using geometric quantities p, k, x 1 and x 2 , as follows
Note that these assignments are compatible with the exact marginality of superpotential, i.e. , m < 0.
3 Note that the CS levels assignment in [9] is (2p − k, k − p, −p). Our convention is equivalent to theirs up to permutation and overall sign flip. The theory is dual to
The subsequent calculations are in fact already performed in [26] , and here we will illustrate that the density function indeed gives rise to the volume formula (3.33) . From eq.(5.5) of [26] , one can write down the volume function in terms of the monopole operator R-charge ∆ m as follows.
where
. We now demand this quantity be minimized with respect to ∆ m , and obtain
this is a cubic equation for ∆ m . To obtain the volume, one should substitute the solution for ∆ m into (3.37). Now we would like to show that this result is always the same as (3.33) , with x 1 , x 2 satisfying (3.32). At first sight they look different, but we can show they are equivalent. The R-charge of BPS particle solutions (3.36) lead us to define x 1 and x 2 as follows
Then one can show that provided ∆ m satisfies (3.38), (3.37) can be re-expressed in terms of Withŷ i+1 (x) −ŷ i (x) (eq.(5.6), (5.7) in [26] ), the volumes of the five-cycles can be computed as
,
. (3.41) Note that this volume is related to that obtained in the Y p,k (CP 2 ) geometry.
There has been an attempt to construct the gauge theory dual of
. This theory has the same quiver diagram and the superpotential as the models considered in Sec.3.2.2, but has more general CS levels 
Obviously ∆ m = 0 and the minimized volume will never be associated with a cubic equation like (3.32).
Discussions
The AdS/CFT correspondence is a fascinating arena where quantum field theory and algebraic geometry are deeply inter-connected with each other. For the case of D = 4 superconformal field theories with AdS 5 × Y 5 duals, the a-maximization theorem can be re-interpreted as volume minimization of Sasaki-Einstein manifold Y 5 [35] [36] . The extension to seven-dimensional Sasaki-Einstein manifolds is straightforward, while the quantitative description of dual D = 3 superconformal field theory was missing until recently. It turns out that the free energy F on S 3 is an analogous quantity to the central charge a, and the F-theorem [25] tells us what characterizes the IR fixed point of N = 2 gauge field theories.
But M2-brane theories on generic singular Calabi-Yau manifolds are not fully understood yet. There is no first-principle derivation of the Chern-Simons gauge theory in general, and it is often the case that the only justification of a field theory dual proposal is the agreement of vacuum moduli space with (the cone of) sevendimensional internal space which is Sasaki-Einstein. Thus the full-fledged quantum computation of partition function using localization technique, if applicable, should be essential in establishing the duality relation.
It turns out that, at least for vector-like models the localization formula is amenable to semiclassical approximation in large-N limit and the result at leading order correctly reproduces the volume of d = 7 internal manifold. However, there are also several examples with chiral-like matter representations. To the best our knowledge the chirality of dual Chern-Simons model is not associated with the geometric data: for instance, there are chiral-like as well as vector-like dual models for AdS 4 × Q 1,1,1 background. For chiral-like models in the large-N limit, application of the technique in [21] does not lead to the expected N 3/2 behavior of the free energy. In particular, the roots of saddle point equations do not seem to converge on a smooth cut [15] . Since both analytic and numerical approaches fail, the duality proposal of chiral-like models, e.g. M 1,1,1 or Y p,k (CP 2 ), remain un-confirmed.
There appeared two suggestions which might help overcome this impasse. One is the relationship between the root distribution of matrix model for partition function and the counting of chiral operators in gauge theory. The other is the symmetrization prescription proposal, which effectively turns the saddle point equation of the matrix model into that of a vector-like one. It is illustrated that for chiral-like duals of Q 1,1,1 , M 1,1,1 at least this prescription leads to a correct result for partition function [23] [24] .
The aim of this article was to check if any of these prescriptions can be applied to more nontrivial models, especially in-homogeneous models Y p,k (B 4 ). Unlike homogeneous examples, their volume is given as a fairly complicated irrational number and an agreement would establish a very strong evidence that the conjecture is correct. As it turns out, the operator counting method gives the correct volume formula after extremization. But the free energy from the symmetrized integrand is not extremized by a symmetrized eigenvalue distribution.
It is thus clear that for a better understanding of the quiver matrix models the operator counting provides very useful information. Of course, the operator counting is not really a quantum computation: It is more like an alternative way to extract geometrical data from the quiver diagram and superpotential. However, one might still use the eigenvalue distribution functions reported in [26] or in this article as a hint, and try to find alternative saddle point equations or quiver diagrams for chiral-like models. It will be very interesting if such matrix models can be reverseengineered.
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